Neutron powder diffractometers operating with large vertical counter acceptance angles produce diffraction patterns in which the peaks are shifted and broadened, and may become distinctly asymmetric. It is shown that a sum of Gaussians generally provides a good approximation to these peaks. The sum of Gaussians has been included as an optional description of the profile within an existing profile refinement program. In this application, the sum incorporates a single asymmetry parameter which can be estimated from the diffractometer geometry or determined in the refinement. It is recommended that, in describing asymmetric peaks, the sum of Gaussians be used in place of the simple Gaussian multiplied by Rietveld's semi-empirical asymmetry factor.
Introduction
The analysis of neutron powder diffraction data by the profile refinement method (Rietveld, 1969) is now a common practice. In this method, the intensity recorded at any point in the diffraction pattern is compared with an intensity calculated for that point. In the calculation, the integrated intensities of the Bragg peaks are calculated from a model of the structure, and their contributions at the point in question are evaluated on the basis of theoretical peak positions and a knowledge of peak shapes. When applying the profile refinement method, it has usually been convenient to assume that the diffraction peak is a Gaussian centred on the theoretical position.
Although the analysis of powder diffraction data depends on a simple, accurate description of peak shape, an increasing proportion of such data is collected on instruments in which large vertical divergences are allowed in the cause of attaining faster rates of data acquisition. For example, the high-resolution neutron powder diffractometer D1A at the Institut Laue-Langevin (Hewat & Bailey, 1976) , and the highresolution powder diffractometer installed recently at the Australian reactor HIFAR, both employ 100 mm high collimators and detectors situated about 650 mm from the specimen. With these geometries, the detector records such out-of-plane scattering that peaks are shifted from their theoretical positions and peak profiles become asymmetric. The effect is non-existent at scattering angle 90 c but increases in importance as the scattering angle decreases toward zero or increases toward 180 '. Rietveld (1969) introduced a 'semiempirical' asymmetry factor [reproduced in (8) below] intended to correct peak shapes for effects of this kind; however, since Rietveld's description of the asymmetric profile has been found deficient in several respects (see Discussion), the construction of a better description seemed worthwhile.
It is shown in this paper that a sum of Gaussians incorporating a single asymmetry parameter provides an asymmetric and suitably shifted peak, and that this sum of Gaussians gives a good description of diffraction profiles at all but the very smallest scattering angles. The sum of Gaussians has been successfully included as an additional profile function within version DBW 2.9 of the profile refinement program described by Wiles & Young (1981) .
The asymmetric profile as a convolution
The effect of vertical divergence on the displacement and breadth of X-ray powder diffraction peaks has been discussed at length in the literature [see, for example, Pike (1957) and Wilson (1963) ]. Expressions for the peak profiles have been given for a few idealized situations. However, an early assumption in these discussions is that the source-to-specimen distance S is equal to the specimen-to-detector distance R, as is usually the case for X-ray powder diffractometers. This assumption is not appropriate for the neutron diffractometers mentioned above. For example, in the Australian instrument the distances are 6.77 m from source to monochromator, 1.82 m from monochromator to specimen, and (at present) 0.68 m from specimen to detector. Where a simplification of the theory is required, the assumption S ~ R would be better.
A discussion of neutron powder diffraction profiles can be based on the equations of Eastabrook (1952) .
In the first instance, let us suppose that a counter having a significant vertical (axial) dimension records the pattern produced when an ideally collimated monochromatic beam is incident on a point specimen. The diffraction emanates from the specimen in cones, and we wish to determine the response when a cone with semi-angle 208 is traversed by a detector, with a narrow aperture of height 2H, moving around the specimen on a cylinder of radius R. The solution is expected to capture the salient characteristics of the asymmetric profile, since, for the diffractometers under consideration, the height of the specimen is typically much less than the height of the detector, while the vertical dimension of the detector aperture subtends an angle at the specimen position which is considerably greater than the angles of divergence of the incident beam.* To apply Eastabrook's equations, both neutron source and specimen are taken to be points in the horizontal plane (zf --0 and z v = 0). Then the displacement 2e below the angle 208 of the detector aperture, as it intercepts the Debye-Scherrer cone at a height z above the horizontal (equatorial) plane, is given to good approximation, using Eastabrook's equation (12), as
This displacement ranges from 2e=0, when the aperture intercepts the cone at z = 0, to 2e =~(H/R) z × cot 208 = 2eM when the aperture extremities at z = _+ H intercept the Debye-Scherrer cone. (Note that 2eM~0 according as 208~,rc/2.) Now the cone intercepts the cylinder on which the aperture runs in a curve, and the intensity recorded at displacements between 2e and 2(~ + de) is proportional in good approximation to the length of this curve traversed by the detector aperture in the displacement 2de. For 208 < rr/2 the profile is therefore 
for H/R ~ Itan 2081. For 208 > n/2 the intensity is again described by (1) except that the non-zero intensity is now on the high-angle side of the theoretical position in the range eu < e < 0. The inequality means that the intensity is adequately described by (1) provided that *This inequality may be less marked for D1A when the 150 mm high monochromator is in use.
the angles 208 and rc-20B remain considerably greater than half the angle subtended by the detector at the specimen.
It is worth noting that the profile again has the form given by (1) when only the source height is finite or, provided that S >> R, when only the specimen height is finite. In the former case, the ratio H/R is replaced by the ratio of the source half height to S; in the latter case, H is replaced by the half height of the specimen. These results suggest that (1) may remain a useful approximation under conditions more realistic than those assumed in its derivation.
The profile described by (1) has been derived on the basis that an infinitely narrow detector aperture traverses an ideal Debye-Scherrer cone. Horizontal divergences and finite aperture width will certainly ensure peak broadening, and it is assumed for the moment that such broadening is adequately described by the Gaussian
where r/ is displacement above the theoretical angle 20~, o = Hk/[2(21n 2)1/2], and Hk is the full width at half maximum of the peak.
The profile (1) can also be described by a normalized function of the displacement r/=-2e. For 20B < rt/2 that function is
where r/~,t=-P cot 208 and P=½(H/R) 2 is the asymmetry parameter, eventually to be determined in the profile refinement. For 208 > 7t/2, r/M > 0, and the function has the same form except that the non-zero part is in the range 0 < r/< r/M. The asymmetric profile then, normalized and including broadening, is described by the convolution
where a = r/M, b = 0 for 20B < rt/2, and a = 0, b = r/M for 208 > rt/2. The centroid and variance of h(r/) can be written down immediately, since the centroid/variance of h(r/) is given by the sum of the centroids/variances (respectively) off(r/) and g(r/) (see p. 5 in Wilson, 1963) . The centroid of h(r/) is at r/M/3, while the variance is a 2 + r/zM/5. As It/I--, ~, h(r/) "--o--1(2rc)-1/2 exp ( --r/2/2o'2). Furthermore, if g(r/) is a 'wider' function than f(r/) (i.e. O.>IqMI), the maximum of h(r/) is located, to first approximation, at the centroid (see p. 76 in Wilson, 1963) . The function h(r/) can certainly be evaluated numerically. A convenient first step is the removal of the singularity from the integrand by the substitutions = __/,/2 (for 208 < r~/2) or ~ =/d 2 (for 208> re/2). The function then reads
where the sign in the exponent is taken as + oraccording as 208 < re/2 or 208 > re/2.
An approximation to the profile
Equation (6) also serves as a starting point for the approximation of h(rl) by a simpler expression, suitable for immediate incorporation into existing profile refinement programs as an optional profile function. The integral in (6) may be evaluated approximately using Simpson's rule, with three ordinates. The result-
in which it has been recalled that qM-----P cot 20B. IqMI/a = (P/a)lcot 2081 increases. All plots shown are for the case 208 < re/2. az+ r/~t/5], it has the same asymptotic form as h(r/), and its maximum is located, to good approximation, at the centroid. The function hG(q) is compared graphically with h(q) in Fig. 1 , for various values oflr/MI/a. It is concluded that he(r/) provides a good approximation to the profile described by h(r/), except for Ir/Ml/rr>> 1 when hc(rl) provides the sum of three resolved Gaussians as an 'approximation' to h(q)! In practice, the approximation of h(q) by h~(r/) fails only at the very smallest scattering angles, for only there do narrow diffraction peaks (small o.) occur in combination with large values of Icot 2081. A better approximation to h(r/) can be obtained, if required, by applying Simpson's rule with a greater number of ordinates. With five ordinates the result is a sum of five Gaussians, which, when plotted on Fig. 1 , is indistinguishable from h(r/). The better approximation is more cumbersome since it comprises the sum of a correspondingly greater number of Gaussians.
The earlier assumption that g(r/) be Gaussian, although reasonable and convenient for the neutron diffraction case, is by no means central to the argument. If g(r/) is any reasonable profile function, the approximation to the convolution (4) 3 If the symmetric profile function g(q) is Lorentzian, for example, a sum of Lorentzians is the result.
Implementation in a profile refinement program
The new computer program for profile refinement described by Wiles & Young (1981) is constructed to allow additions to the choice of four profile functions included in it. The program was therefore selected as the vehicle for implementation of the asymmetric profile function hG(r/). Unfortunately, the program version DBW 2-9 as delivered contained a number of errors, the most serious being the omission of the angle-dependent factor 1/H k from all the profile functions. [-This factor appears in equations (11)-(14) of Wiles & Young (1981) , but was omitted from the program.] After correction, the program was tested by application to the analysis of high-resolution neutron powder diffraction data from rutile. The results were sensibly identical with those obtained in a previous analysis of the same data which is reported elsewhere (Sabine & Howard, 1982) .
Derivatives of hc;(q) with respect to a, P, and a possible 20 zero error Z, have been written down, and the function hG(q) and its derivatives coded into the program where appropriate.* The modified program offers two approaches to the problem of peak asymmetry: the asymmetry factor suggested by Rietveld [(8) below] can be applied to a symmetric profile function which may be Gaussian, Lorentzian or modified Lorentzian, or else the asymmetric profile function h~(r/) can be selected.
It is interesting to compare results from the two different approaches. To this end, four sets of data collected with the Australian high-resolution neutron powder diffractometer were examined in detail. Two sets were collected at 1.376 A from a standard A1203 powder sample prepared for an International Union of Crystallography intercomparison project (Andresen & Sabine, 1977) , the third was from rutile at 1.500 ~ (Sabine & Howard, 1982) , and the fourth was data at 1.893 A from a mixture of ~-UF5 and U2F 9 collected to locate the fluorine atoms in ~-UF5 (Howard, Taylor & Waugh, 1982) . Each set of data was analyzed once assuming a Gaussian profile function multiplied at 20 angles below a certain limit by the Rietveld asymmetry factor, and again using the sum of Gaussians h~(q) to describe the asymmetric profile. In each case, the neutron wavelength was taken equal to the nominal value shown. The results are summarized in Table 1 . In respect of these results, the following points are noted:
(i) In each case, the profile goodness of fit indicators Rp and Rwp were lower, indicative of better fit, when the sum of Gaussians was used to describe the asymmetric profile. The difference was more noticeable in results from the second set of A1203 data-in this case the zero was determined using peak positions measured at positive and negative values of 20, then fixed in the refinement.
(ii) The values obtained for the asymmetry parameter P were, in all cases, in reasonable agreement with the value P = 0.16, calculated from P = ½(H/R) 2 [see below (3)] for the diffractometer used in this work. There seems to be no means for calculating from diffractometer geometry the value of A to be used in the Rietveld asymmetry factor.
(iii) In each case, the values obtained for U, V, W when the sum of Gaussians was used correspond to narrower diffraction peaks across the pattern. When the Rietveld factor is used, broadening of peaks due to vertical divergence effects is ascribed to other causes.
(iv) There are systematic differences in the zero (unless fixed) and cell parameters, depending upon which approach is adopted. It will be argued below *The program now incorporates the sum of five Gaussians, to approximate more closely the convolution h(q). The sums of Gaussians, and their derivatives, have been deposited with the British Library Lending Division as Supplementary Publication No. SUP 36993 (4pp.). Copies may be obtained through The Executive Secretary, International Union of Crystallography, 5 Abbey Square, Chester CH1 2HU, England. that there are deficiencies in the Rietveld description of the asymmetric profile. In the refinement, these deficiencies are accommodated to a degree by changes in the zero (unless fixed) and concomitant changes in the cell parameters. Note that the absolute values of cell parameters will be uncertain to the extent of the uncertainty in the neutron wavelength.
(v) Structural and thermal parameters are not seriously affected by a different choice of function to describe the asymmetric profile.
Unfortunately, owing to the present limitations of our diffractometer, in no case are the counting statistics sufficient to establish beyond doubt which approach is the better. Nevertheless, the goodness of fit and the consistently plausible values for P noted in (i) and (ii) above are taken as firm indications that the use of the sum of Gaussians is to be preferred.
Discussion
In many instances, the profile refinement method has been applied, assuming that the diffraction peaks are (symmetric) Gaussians. Rietveld (1969) suggested that peak asymmetry could be incorporated by multiplying the symmetric Gaussian by the semi-empirical asymmetry factor A(q) = 1-A sign(r/)r/2cot 0B,
where A is the asymmetry parameter to be determined in the refinement. The function hR(q)= g(q)A0/), where g(q) is a symmetric profile function, is the approximation to the asymmetric profile now most commonly employed.
It is argued here that the factor A(r/), while it does introduce asymmetry, leads to a less than satisfactory description of the asymmetric peak. To be specific, g(r/) is again taken as Gaussian. Then hR(r/), as an approximation to the convolution h(r/) of (5), is deficient in the following respects:
(i) It is not properly normalized.
(ii) The maximum remains at 17 = 0 so long as A < tan OB/2a 2. This is not the behaviour expected of the convolution.
(iii) The expression produces negative intensities if applied in the circumstance that r/> (tan OB/A) 1/2. This effectively limits use to conditions with A < tan OB/2a 2.
It follows [see (ii) ] that the Rietveld factor cannot account for the expected shift of the maximum of the peak to lower angles.
(iv) The expression hR(q) depends on cot 08, whereas the convolution exhibits a cot 20B dependence. The matter of angle dependence deserves further comment. Eastabrook (1952) has shown that when a high specimen is examined using source and detector, each having small vertical dimensions, a dependence on cot 0B results. This is the result quoted by Klug & Alexander (1959) in their discussion of vertical diver- Table 1 . A comparison of results from the profile refinement of high-resolution neutron powder diffraction data Data from three different specimens are included. The comparison is between refinements in which it is assumed that the asymmetric profile is (i) a Gaussian multiplied for 20 values below 50 ° by the Rietveld asymmetry factor, or (ii) a sum of Gaussians as in equation (7). Notation, where not explained in the text, follows that of Wiles & Young (1981 (7) 0.076(2) 0.063(2) 0" 116 (7) 0.086 (7) gence effects. However, given the geometry of neutron shift and broadening, there being also some deviation diffractometers described in § 2, the cot 20B depen-from Gaussian peak shape at low angles. The agreedence is believed to be more appropriate. This belief ment of their theory with experiment (Thomas, 1977) gains support from measurements made on the is perhaps not sufficient to justify the effort in calcula-PANDA two-circle diffractometer at AERE Harwell, tion. It is suggested (Thomas, 1977 ) that for profile from which Thomas (1977) has reported a cot 20n refinement four parameters could be included to dependence of the peak shift due to vertical divergence describe the shift and broadening of the Gaussian effects, peaks. Cooper & Sayer (1975) considered the shape of Other approaches to the problem of peak asymneutron powder diffraction peaks in some detail. They metry are possible. It is anticipated that versions of the derived an expression for intensity in terms of the profile refinement program incorporating numerical constants in the resolution function, which are cal-integration of convolutions will be developed (Konnert culated in turn from the instrumental parameters. & d'Antonio, 1981), whereas the use of a tabulated After numerical evaluation of the intensity, they con-rather than analytical profile function (Baerlocher & cluded that the main deviations from 'ideal' are peak Hepp, 1981) may provide another avenue.
Meanwhile, the sum of Gaussians suggested here depends, like the Rietveld asymmetry factor, on a single asymmetry parameter, it has been shown to be superior to the Rietveld factor both in theory and in practice, and it can be substituted without undue difficulty for the Rietveld asymmetry factor in existing profile refinement programs. Its use is therefore recommended.
